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1. INTRODUCTION

We consider the one-dimensional elliptic optimal
control problem

T
(CP) min;/|z(t)—zd(t)\2+1/|u(t)]2dt
0

S.t.

fora.a. t € [0,77],

where u € Lo(0, T;R™), 2,29 € WZ(0,T; R"),
é € BV(0,T;R"™), A € R™™" is symmetric and
positive semidefinite, B € R"*™ and a,b € R™,
a<b.

2. DISCRETIZATION OF THE
STATE EQUATION

For the discretization of the state equation

—Z(t) + Az(t) = y(t) for a.a. t € [0,T7],

2(0)=2(T) =0, M

we use a uniform grid
G={ti=ih|i=0,...,N} 2)

with mesh size h = T/N, N > 2. By S}, =
Sh(y) we denote the quadratic spline with knots
ti» ¢ =0,..., N, defined by the collocation and
boundary conditions

—Su(t:) + ASh(t:) = y(t:), i =0,...,N,
(0) = S(T) = 0.

If z ist the solution of the state equation (1) and
y € BV(0,T;R"), then

Iz = Shlleo < ch?

with a constant ¢ independent of h (see
Sendov (5), Theorem 7.3).

3. DISCRETIZATION OF THE
CONTROL PROBLEM

We define Uy = {u € La(0,T;R™) | a <
u(t) < b foraa.t € [0,7]}. For a function
f continuous on [0, 7] we define

1flln =

N
h2|f(ti)\2~
i=0

Let V,,(0,7;R™) be the space of continuous,
piecewise linear functions on the grid (2). Using
the operator S, we discretize problem (CP) in
the following way:

o1
(CP);, min §||5h(Buh +e) — zallj, + v l|unll;
st up, € U = Upg N Vi (0, T; R™).

Problem (CP);, has a unique solution y,.

4. ERROR ESTIMATES

First we derive a result on discrete quadratic con-
vergence for the solutions uy, € V},(0,T;R™) of
the problems (CP);,.

Theorem 1. Let u be the solution of (CP2) with
u € BV(0,T;R™) and uy, € V,(0,T;R™) the
solution of the discrete problem (CP);,. Then

@ — tp||ln < ch?, A3)

holds true with a constant c independent of h.

The continuous error ||t — Up||oo is only of
order 3/2. Therefore, we adopt the idea of
Meyer/Rosch (4) (see also (1), (2)) to construct
a new feasible control by

_ 1 i
iy, = Mgy (—VBTph(uh)> , @)

for which we can prove continuous convergence
of order 2.



Theorem 2. Let u be the solution of prob-
lem (CP2) with u € BV (0,T;R™) and u), €
Vi (0,T; R™) the solution of the discrete problem
(CP)y,. Then for the control uy, defined by (4) we
have the continuous error estimate

@ — iip |0 < ch?

with a constant c independent of h.
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